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ABSTRACT

We investigate theoretically and numerically the activation process in a single-out and coupled FitzHught
Nagumo elements. Two qualitatively different types of the dependence of the mean activation time and of
the mean cycling time on the coupling strength monotonic and non-monotonic have been found for identical
elements. The influence of coupling strength, noise intensity and firing threshold on the synchronization regime
and its characteristics is analyzed.
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1. INTRODUCTION

Stochastic excitable dynamics of the type demonstrated by FitzHugh-Nagumo (FHN) elements underlies man)
systems in physiology and neuroscience.! In particular, a variety of nontrivial phenomena observed in couple
excitable systems perturbed by noise have attracted much attention recently. There are many resonance-lik
and synchronization-like effects in both small (two-element) and large (chains and lattices) ensembles of couple
bistable, excitable and oscillatory elements. Examples include e.g. stochastic? 4 and coherence® '° resonancd,
stochastic synchronization,''"'* and noise-induced and noise-enhanced propagation of fronts'® of excitation.
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However, the theory of noise-induced activation and synchronization in such far from equilibrium systems ig
still far from being complete.

In this work we investigate theoretically the activation rate of a single-out FHN element as a function o
noise intensity and parameters of the driving force. Theoretical results are compared with the results of Mont
Carlo simulations. This research allow us to gain further insight into the stochastic dynamics of synchronizatios
of globally-coupled FNH elements. For the later case it has been found in numerical simulation that increasin
the coupling strength can either increase or decrease mean activation times. Two qualitatively different type
of the dependence of the mean activation time and of the mean cycling time on the coupling strength have beei
found for identical elements: (i) non-monotonic, when control parameters are close to the pint of Andronov
Hopf bifurcation and the noise intensity is relatively large, (ii) monotonic growth and saturation, when contrg
parameters are away from the bifurcation point and the noise intensity is relatively small. For intermediat
values of parameters the crossover between these two types of behavior takes place. For limiting cases o
independent and ultimately strong coupled excitable elements dependence of mean activation time on nois
intensity is accounted theoretically. By investigation of collective noise-induced dynamics in coupled non-
identical FitzHugh-Nagumo elements synchronization-like phenomena of firing have been found. The influencg
of coupling strength, noise intensity and firing threshold on the synchronization regimes and its characteristicp
is analyzed.
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2 MODEL AND BASIC DEFINITTONS
Let us consider the noisy perturbed Fitz Hugh-Nagumo model described by the equations:

& = F(z,y)= r—a?/3—y (1
] eG(x,y) +VD((t) = ez +a) +VD(t),

where ((t) is white gaussian noise with correlation function < ((¢){(t + 7) >= Dd(7), € is a small parametel],
(see, for example® 16). The curve F(z,y) = 0 has an N-like form, while G(z,y) = 0 is a strait line. There is onl
one steady sate of the system (1) corresponding to the point of intersection A(x°,y%) of the curves F(z,y) =
and G(z,y) = 0 in zero-noise limit. This steady state has coordinates 2° = —a,3° = —a — a3. In the absence
of noise all the trajectories of the system (1) will be attracted to A(x?,y°).

-

In the presence of noise the state A(x°,y") becomes metastable, because relatively large fluctuations can
kick the system away from the point A into the basin of attraction of the branch h, (z). The system then movep
slowly along this branch, jumps back to the left branch and returns to the vicinity of steady state. The procesp
of excitation repeats, and the resultant time series x(t) has a sequence of noise-induced pulses of excitation.
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Figure 1. (a) Typical phase diagram for an excitable system, including the curves F(z,y) = 0 and G(z,y) = 0, an
stochastic trajectories. Curves h—(x), h+(z), and ho(z) are left and right stable branches of slow motion, and unstabl
branch correspondingly. A, B, C, D, and E indicate characteristic points of the motion of the system in a course g
excitation. (b) Random pulses of excitation x(t) and y(t)
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On the phase plane (z,y) we will distinguish two main types of motion: (i) activation, i.e. motion from th
vicinity of the steady state across the line, separating basins of attraction of left h_(z) and right hy () stabl
branches of slow motion (what we shall name separatrix ys(z)) towards the line x = 0 (approximately between
points A and B); and (ii) excursion, i.e. motion after the first passage of the line = 0 along the branchep
h4(z) and h_(x) back into the vicinity of the stable state (approximately from point B through points C,D,H,
to point A). In our numerical experiments we will consider three characteristics timescales of this behaviou:
the activation time ¢4, the excursion time ¢z, and the total time of the cycle ABCDE: tc =t4 + tg.
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ST ACTIVATION TIME OF SINGLEE FHIN-EEEMENT

In the presence of noise the system dynamics is characterized® by the evolution of the probability density p(z,
described by the Fokker-Planck equation (FPE)!":

op 0 Do
E = oz, (_sz + 587ijp> » (2

where @ is the diffusion matrix. In the particular case of the 2-dimensional system (1) Fy = F(x,y), F»
G(z,y), and Q;; = 0;2d;2. Since the FPE has the form of a continuity equation, with current density J[d]
equalling pF; — %%Qijp, the escape rate R may be computed as a flux of probability though the boundary
J

02 of the basin of attraction 2 of a metastable state.

R~ Jp] - ndl// pdx, (3
a9 Q

where the of probability distribution density p(x,y) in the case of small noise is often written as:

pla,y) = 2(x) exp{=5(z,y)/ D} (4

(see.!8:19 Here the action function S(x) plays the role of a non-equilibrium potential?® and z(z) is a prefactor.

An asymptotic analysis shows'® 23 that to the leading order of approximation in D, function S satisfies &
Hamilton-Jacobi equation for a classical action in the form H(z,V.S) = 0, where H(z,p) is the Hamiltonian
function equals %Qijpipj + K;(x)p;.

The pattern of extreme trajectories and the action function along these trajectories are found by integratin
Hamiltonian equations simultaneously with the equation for the action:

»]

. . 0K; L1
;= K; + Qijp; i = _8—:njpj’ § = 5Qipip;- (5
with initial conditions (see e.g.'®):
0 0 1o
xi(to) = l‘g )(t()) + bz, pi(tO) = Si(j)(SJ}j, S(to) = §Sl(j)(5xl(sl‘3 (6
For a particular case of the system (1) #(® = {z(® ¢} are coordinates of the stable state A, where thp

8%

function S(Z) reaches its minimum. Si(?) = SZ-(JQ) ) is the value of the Hessian matrix S;; = (0;0;5) in th

F=(0
point Z(©) | and 6z, is a small deviation in z;-direction from the stable state.

The set of trajectories solutions of (5) emanating from the stationary state of the system (1) covers itp

phase space. To obtain SZ-(;.)) we have taken into account, that near the stable state the stationary probabilit
distribution (4) takes the form (17-21:24);

-

~ n L 40
plz,t) = \/det(S(O))/(27r D)™ exp <_ﬁsﬁ (59@5:@) . (7
On linearization F; near the stable state the corresponding term in the Fokker-Planck equation (2) takes the
form
F;) = By — z;, h B = — 8
o (pF) i s Ly, where J 025 | - 0 (

*Here we neglect the time of motion from the separatrix to the line = 0, which is much smaller compered t
activation time exponentially growing with noise intensity decreasing.
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Un substituting (/) 1mmto the linearized Fokker-Planck equation (see (2),(3) we have (see e.g.“)
W = —-BW —wWBT —wqQw, (9

where W = (S©), B = (B;).

Equation (7) can also be written in the form!7 21:24;

(10

D, 8% — 2 By, 6x 6y + Dy, 69>
p(q) = constexp { ——~ ’ yOTOY Y .
2(D1Dy_B:%y)

Therefore by solving equation (9) we obtain values of the components of covariation matrix of Gaussian distri-
bution near the stable state (neglecting the possibility of escape from the neighborhood of these stable state)

D _1D((@®—1)%+¢)

Pe=g @y Po="P00 D=5 "

N | =

Let us introduce parameter
w=2a,/r, (12

where 0, = /D, and r = max{e, (a — 1)?} is the distance from the steady state to the separatrix y,(z).
Following'® 2426 in the next-to leading order of approximation in D of the solution of Fokker-Planck equation
we can obtain equations for the prefactor z and Hessian matrix S;; = (9;0;5):

dz 1
E =z (8lKl + §Q”SU> (13

Sij = _pmaiaij - Simaij - SjmaiKm - Sijikam

We mention finally that the mean activation time can now be represented in the form:

Tact — <tA> = TO exp {Sm(D)/D} ’ (14
10°
10°F 1
Tact
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Figure 2. The dependence of activation times on the noise intensity in the small- and intermediate-p (small- an
intermediate- noise) cases: o - results of numerical simulation and averaging over 5000 activation escapes; — andgl
diamonds - theoretical prediction using (3) and probability current integrating over the boundary; ...- theoretica
prediction using (14).

—
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Wliere 5,,(1J) 1S a minimum value of the quasipotential on the separatrix il the presence ot finite noise and 7
is a prefactor having dimension of time. It should be mentioned that due to finite noise corrections (in contrasp
to the case of gradient field) both prefactor and the value S,,(D) depend on the noise intensity D.

simulation for singled-out FHN element in Fig. 2. For this comparsion we have chosen the following values
parameters: a = 1.05,¢ = 0.05, D = 3.5-107°. It can be see that both methods give good qualitative estimatio
for p < 1 and are in good quantitative agreement for p < 0.5

The theoretical prediction (3), (14) for the value of T, (D) are compared with the results of numeric%}

4. INFLUENCE OF COUPLING ON STATISTICAL CHARACTERISTICS OF
ACTIVATION AND CYCLE TIMES

In this section we analyze cooperative dynamics, namely the synchronization effects, in the system of tw
coupled FHN elements:

i = x1—23/3 -y +C(x2 — 1),
U1 € (y1 +a1) + Gi(2),
To .732—.73%/3—:(/24—0(331—332),
Y2 = € (y2+a2)+ (),

(15

where a; are parameters of the partial element; C is the coupling coefficient; ¢y 2(t) are the independent comf-
ponents of a two-dimensional Gaussian white noise with correlation functions (¢;(0)(;(¢)) = Dd;;6(t). In our
numerical experiments we take both a; slightly larger than one, ¢ = 0.05. In this section we will use simulation
to obtain as a function of the coupling strength the mean activation time T}, and the mean cycle time T¢,.{.
By varying the value of u, three different types of behavior can be distinguished. Therefore, we will considefp
three intervals of u: small u, large p and intermediate p.

4.1. Small activation energy (u > 1)

In this case we take the parameter a near to the bifurcation point (i.e. close to one) and relatively large nois
intensity D such that p is bigger then unity. The results of the simulation of activation time T,.; and time of th
full cycle T,ye; are shown in Figure3(a). Both T and Tiye; of subsystems initially decrease and subsequentl
increase to reach constant values in the absence of coupling.
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Figure 3. (a) The T.yo (squares) and T, (stars) for two coupled identical FHN-elements with parameters a = 1.01),
D = 0.001. (b) The same quantities with D = 0.0001, a = 1.075, and a = 1.1.
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TO explain this result we note that the activation process is analogous to the escape over a DarTier {Tom
potential well. For the chosen parameter values there is almost no barrier, and we observe not activation buf
diffusion through the boundary. Therefore the activation time is small in comparison to the excursion time.
The small decreasing of T,.; and T, occur because one starting the activation process FHN-element raise th
probability of activation for an other element.

1%

4.2. Large activation energy (u < 1)

In this case the parameter a is not very close to one, and the noise intensity is very small. Simulation resultp
are shown in Fig. 3(b). The behavior of the system is qualitatively different from the previous case: both T,
and Tiy¢ increase monotonically with increasing coupling strength of elements, and Te.ye = Tyet-

It can be seen from Fig. 3(b) that T,.; initially increases quasiexponentially and then come to saturation.
The level of saturation for a = 1.075 is six times larger then the initial value (in the absence the coupling); fol
a = 1.1 this level is twelve times larger then the initial value.

=

Because in this case the activation time is much larger than the excursion time, the system spends most of it
time near the stable state. We therefore assume that both elements are initially situated in the neighbourhoo
of the stable state. If the coupling is extremely small the activation processes from the neighbourhood of th
stable states of each FHN element can be considered as independent. But already for an intermediate strengt]
of coupling the existence of coupled element hampers the escape and leads to a significant increase of Ty... W]
can say that in this case there are two counteracting tendencies. (i) If both elements are deactivated the Tyt O
each element is increased due to the coupling. (ii) After one of the elements has been activated the T, of th
second element is decreased due to the coupling (as compared to the T, of uncoupled element). For the value
of coupling considered in this subsection the first tendency is the stronger. An increase of coupling strengtl
will eventually lead to the synchronized activation of both elements.

=0T

[ B §” R — S 4>y —

4.3. Intermediate activation energy

For intermediate values of the control parameter, the T, initially decreases with increasing coupling strengthl,
and then increases considerably and becomes ~1.2 — 3.0 times larger than the T, value for uncoupled element.

4.4. Theoretical explanation

—

To estimate the maximal growth the T,.; due to the coupling, we should bear in mind that, in the case of smal
noise the activation time being the special case of the mean escape time T, from the basin of attraction of
stable state can often be presented in the form (see section (3), equation (14)):

; S(D
T;é?gle = Tesc = Toexp { (D ) } ) (16

where T} is a co-factor independent of (or only weakly dependent on) the noise intensity, S(D) is the quasipo-
tential or action for the optimal escape trajectory going in the point corresponding the maximum of transvers
component of probability density current J[p] across the separatrix. To take account of corrections induced by
the non-zero noise intensity, we should calculate probability density current J[p] using the approach suggeste
in?* and articulated shortly in section (3).

="

=

We can also obtain the analogous result for a single element with variables z; = (x1+2)/2 and y1 = (y1+y2)/
defined by equations

. 1,
9.0+ Ty — 3 LT+™ =Y+ (17
Uy = elzytar—gys) + (1),
with noise intensity Dy = D/2. Then
25(D/2
T = T, exp{is(D/ )}. (18
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Figure 4. (a) The left part shows the Teye (squares) and Tyt (stars) for two coupled identical FHN-elements with
parameters a = 1.05, D = 0.0007. (b) The right part shows the activation time versus noise intensity: numericgl
simulation data for 79 (circles) and TP (squares) are compared with theoretical estimates of T°"F! . (triangles).

act.estim

Using (16) and (18), our estimation for the mean activation time of the strongly coupled elements can finall}
be written as:

; 25(D/2) — S(D)
coupl single
Tact.?stim = Tact g Xp { D . (].9
In Fig. 4(b) we compare the dependencies of T579', T, Sitim with experimentally obtained values Ty ]

in strong coupling case C' = 10 for a = 1.05. Given that 2.5(D/2) — S(D) ~ 25(D) — S(D) = S(D), one can
see that the relation (19) can be used to describe the influence on the T, and Tiyq of all the values and typep
of coupling discussed: for S(D)/D < 1 we obtain the case of large p; for S(D)/D > 1 - the case of small /f;
and the case of intermediate p for S(D)/D ~ 1.
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